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E-mail addresses: memhzhao@zzu.edu.cn, memhzhA strip electric–magnetic polarization saturation (SEMPS) model is developed to study the electric and
magnetic yielding effects on a crack in magnetoelectroelastic (MEE) media. In this model, the MEE med-
ium is treated as being mechanically brittle, and electrically and magnetically ductile. Analogously to the
classic Dugdale model, the electric and magnetic yielding zones in front of the crack are represented for
simplicity by two strips. In the electric yielding strip the electric displacement equals the electric dis-
placement saturation and meanwhile in the magnetic yielding zone the magnetic induction equals the
magnetic induction saturation. The nonlinear analytical solution of this SEMPS model of crack in an inﬁ-
nite MEE medium is obtained using an integral equation approach. The equivalence between the pro-
posed SEMPS model and the existing strip electric–magnetic breakdown (SEMB) model is demonstrated.
To analyze the nonlinear fracture problem in the corresponding ﬁnite MEE media, the non-linear
hybrid extended displacement discontinuity-fundamental solution (NLHEDD-FS) method is modiﬁed,
and a multiple iteration approach is adapted to determine the electric and magnetic yielding zones. Com-
paring with the analytical solution, the applicability and effectiveness of the NLHEDD-FS method is ver-
iﬁed. Numerical results based on the SEMPS model for a center crack in inﬁnite and ﬁnite MEE strip are
presented.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Magnetoelectroelastic (MEE) materials with enhanced mechan-
ical–electric–magnetic coupling properties have been intensively
studied in the past decades. Due to their remarkable properties,
they are widely used in engineering as sensors, transducers and
actuators (Van Run et al., 1974). However, under the mechanical
and/or electric and/or magnetic loading, these materials are usu-
ally predisposed to fracture owing to the existing microscopic de-
fects. Therefore, to improve properties of these materials, it is very
important to study the fracture formation and development under
various load conﬁgurations. However, the problems related to frac-
ture in this material system are rather complex both theoretically
and experimentally, except for some simple cases (Chung and Ting,
1995; Liu et al., 2001; Song and Sih, 2003; Hou et al., 2003; Qin,
2004; Jiang and Pan, 2004; Zhao et al., 2006; Wang and Mai,
2007; Dong et al., 2008; Sladek et al., 2008; Zhou and Chen, 2008).
As is well-known, many materials have nonlinear properties,
and a plastic zone exists near the crack tip because of the stressll rights reserved.
hanical Engineering, Zhengz-
Henan Province 450001, PR
ao@sina.com (M.H. Zhao).and strain singularity under applied loadings. As one of the sim-
plest models in elastic–plastic fracture mechanics, Dugdale model
(Dugdale, 1960) treated the plastic zone as a strip in which the
stress equals the yield stress. For piezoelectric materials, the elec-
tric displacement reaches a saturation point when the applied elec-
tric ﬁeld is sufﬁciently large according to the electric hysteresis as
illustrated schematically in Fig. 1(a). Based on this physical feature
and the Dugdale model, Gao et al. (1997) proposed the strip polar-
ization saturation (PS) model for explaining the nonlinear fracture
behavior of piezoelectric media. In that model, the electric dis-
placement reaches the saturation value in a line segment in front
of the crack and the length of the electric yielding zone was found
from the boundary condition of the ﬁnite electric displacement at
the end of the electrical yielding zone. The PS model was subse-
quently investigated by Ru (1999), Wang (2000), Jeong et al.
(2004), Beom et al. (2006) and Loboda et al. (2008, 2010) among
others. From the energy point of view, McMeeking (2001) pointed
out that the electric displacement would behave like the strain,
and the electric ﬁeld strength like the mechanical strength. Later,
Zhang (2004) and Zhang et al. (2005) proposed the dielectric
breakdown (DB) model for fracture in piezoelectric media, in
which the electric ﬁeld reaches the critical value in the yielding
strip. Although these two models were established based on two
different physical pictures, they surprisingly give the same fracture
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Fig. 1. (a) Electric hysteresis loop; (b) Magnetic hysteresis loop.
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(Fan et al., 2009). Based on the similar magnetic hysteresis in fer-
romagnetic materials, as shown in Fig. 1(b), Fang et al. (2004)
and Wan et al. (2004) proposed a small-scale magnetic-yielding
model (SSMY) for magnetoelastic fracture in soft ferromagnetic
materials.
Considering both the electric and magnetic yielding near the
crack tip in MEE media and based on the electric and magnetic
breakdowns, Zhao and Fan (2008) proposed the strip electric–mag-
netic breakdown (SEMB) model to study the nonlinear effect of the
electric and magnetic ﬁelds on the fracture in MEE media. How-
ever, the effect of the electric displacement and magnetic induction
saturations on the nonlinear fracture behavior of cracks in MEE
media is still unknown. Therefore, the motivation of the present
study is to develop the strip electric–magnetic polarization satura-
tion (SEMPS) model to understand the effect of the electric dis-
placement and the magnetic induction on the fracture in MEE
media and to compare the results to those based on the SEMB
model.
Furthermore, the non-linear hybrid extended displacement dis-
continuity-fundamental solution (NLHEDD-FS) method recently
proposed by Fan et al. (2009) is extended in this paper to study
the nonlinear fracture problem in a ﬁnite MEE strip where the elec-
tric and magnetic yieldings are considered. This method was suc-
cessfully applied to the study of the linear fracture of
piezoelectric media (Zhao et al., 2009) and MEE media (Zhao
et al., 2010). This paper is organized as follows: In Section 2, the ba-
sic equations are presented. The newly proposed SEMPS model is
described in Section 3, and its application to a crack in an inﬁnite
MEE medium is presented in Section 4. The basic formulations
for a crack in a ﬁnite MEE strip are presented in Section 5 and
the corresponding numerical results are carried out in Section 6.
Conclusions are drawn in Section 7.2. Basic equations
In a rectangular coordinate system, xi (i = 1,2,3), the governing
equations for a linear MEE solid in the absence of body forces, elec-tric charge and electric current are given by the equilibrium equa-
tions presented in (1), and the kinematic equations in (2), and the
constitutive equations in (3) (Huang et al., 1998; Pan, 2002)
rij;j ¼ 0; Di;i ¼ 0; Bi;i ¼ 0; ð1Þ
eij ¼ 12 ðui;j þ uj;iÞ; Ei ¼ u;i; Hi ¼ w;i; ð2Þ
rij ¼ cijklekl  ekijEk  fkijHk; ð3aÞ
Dk ¼ ekijeij þ jklEl þ gklHl; i; j; k; l ¼ 1;2;3; ð3bÞ
Bk ¼ fkijeij þ gklEl þ lklHl; ð3cÞ
where rij, Di and Bi are components of stress, electric displacement
and magnetic induction, respectively; eij, Ei and Hi are components
of strain, electric ﬁeld and magnetic ﬁeld, respectively; and ui, u
and w are respectively the elastic displacement, electric potential
and magnetic potential. The various coefﬁcients cijkl, ekij, fkij, jij, gij
and lij are the elastic constants, piezoelectric constants, piezomag-
netic constants, dielectric permittivities, electromagnetic constants
and magnetic permeabilities, respectively. A subscripted comma ‘‘,’’
denotes the partial differentiation with respect to the subscripted
coordinate that follows.
For two-dimensional deformations, in which the extended dis-
placement vector u ¼ ðu1 u2 u3 u w ÞT depends only on x1
and x2, the general solution takes the form (Gao et al., 2003)
u ¼ AfðzÞ þ AfðzÞ; ð4Þ
U ¼ BfðzÞ þ BfðzÞ; ð5Þ
where A ¼ ða1 a2 a3 a4 a5 Þ and B ¼ ðb1 b2 b3 b4 b5 Þ
with aa and ba being the eigenvectors for a = 1, 2, 3, 4, 5.
fðzÞ ¼ ð f1ðz1Þ f2ðz2Þ f3ðz3Þ f4ðz4Þ f5ðz5Þ ÞT is an analytic function
vector, za = x1 + pax2, and pa is a complex eigen-root with a positive
imaginary part, and U is the extended stress function vector such
that
R2 ¼ ðr21 r22 r23 D2 B2 ÞT ¼ U;1; ð6aÞ
R1 ¼ ðr11 r12 r13 D1 B1 ÞT ¼ U;2: ð6bÞ
The eigenvalue pa is obtained by solving the following standard
eigenequation (Zhang et al., 2002; Zhao and Fan, 2008)
det½Q þ pðR þ RTÞ þ p2T ¼ 0; ð7aÞ
where
Q ¼
c11 0 0 0 0
0 c44 0 e15 f15
0 0 c66 0 0
0 e15 0 k11 g11
0 f15 0 g11 l11
0
BBBBBB@
1
CCCCCCA
; R ¼
0 c13 0 e31 f31
c44 0 0 0 0
0 0 0 0 0
e15 0 0 0 0
f15 0 0 0 0
0
BBBBBB@
1
CCCCCCA
;
T¼
c44 0 0 0 0
0 c33 0 e33 f33
0 0 c44 0 0
0 e33 0 k33 g33
0 f33 0 g33 l33
0
BBBBBB@
1
CCCCCCA
:
ð7bÞ
Matrices A and B have the following relationship
AAT þ AAT ¼ BBT þ BBT ¼ 0;
BAT þ BAT ¼ ABT þ ABT ¼ I;
ð8Þ
where I is a 5  5 unit matrix. In addition, matrix H, which has been
deﬁned in Zhao and Fan (2008), will be used in the following
analysis
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F1 F
T
2 F
T
3
F2 F44 F45
F3 F54 F55
0
B@
1
CA; ð9aÞ
where
F1¼
F11 F12 F13
F21 F22 F23
F31 F32 F33
0
B@
1
CA; F2¼ðF41 F42 F43 Þ; F2¼ðF51 F52 F53 Þ;
ð9bÞ
and the elements Fij(i, j = 1,2,3,4,5) are material related constants.3. Strip electric–magnetic polarization saturation (SEMPS)
model
Considering the saturation of electric displacement and the
magnetic induction, the strip electric–magnetic polarization satu-
ration (SEMPS) model is developed to study the nonlinear behavior
of cracks under combined mechanical-electric–magnetic loadings
in MEE media. In this model, such media are treated as being
mechanically brittle, and electrically and magnetically ductile. In
this section, a crack in an inﬁnite body under the uniformly applied
mechanical-electric–magnetic loadings at inﬁnity is taken as an
example to present the features of the SEMPS model. The electric
and magnetic yielding zones are two strips in front of the crack
as schematically shown in Fig. 2. The segment (a,a) denotes the
real crack, while the segments (ce,a) and (a,ce) denote the elec-
tric yielding strips in which the electric displacement equals the
electric displacement saturation, with (ch,a) and (a,ch) denoting
in a similar manner the magnetic yielding strips in which the mag-
netic induction equals the magnetic induction saturation. Thus, the
electric crack extends over the segment (ce,ce), and the magnetic
crack over (ch,ch). The boundary conditions along the crack faces
and the electric and magnetic yielding strips for the corresponding
electrically and magnetically impermeable crack are
R2 ¼ ðr21 r22 r23 D2 B2 ÞT ¼ 0; jx1j 6 a; ð10aÞuiðx1;0þÞ ¼ uiðx1;0Þ; i ¼ 1;2;3
D2ðx1;0þÞ ¼ D2ðx1;0Þ ¼ DS; a < jx1j < ce;
B2ðx1;0þÞ ¼ B2ðx1;0Þ ¼ BS; a < jx1j < ch;
ð10bÞ
where superscripts ‘‘+’’ and ‘‘’’ distinguish quantities on the upper
and lower crack faces, respectively, and DS and BS are the electric
displacement saturation and the magnetic induction saturation,
respectively.Fig. 2. Schematic distribution of dislocation arrays in the SEMPS model.4. Analytical solutions of the SEMPS model for a crack in an
inﬁnite MEE medium
4.1. Dual integral equations of the SEMPS model
A crack can be regarded as continuous distributed dislocation,
and therefore the conventional dislocations are distributed along
the mechanical crack from a to a, the electric dislocation from
ce to ce (Zhang et al., 2005), and the magnetic dislocation from
ch to ch (Zhao and Fan, 2008).
We introduce ﬁve distribution functions, gi(x1) that are respec-
tively associated with the Burgers vector, b ¼ ðb1 b2 b3ÞT, the
jump in the electric potential, Du, and the jump in the magnetic
potential, Dw, such that gi(x1)bidx1 (where b4  Du and b5  Dw)
represents the strength of the Burgers vector located at x1 in the
interval dx1. Thus, using Green functions expressed by the ex-
tended dislocation, as given in Zhao and Fan (2008), and the
boundary conditions of Eq. (10), we have the following extended
dual integral equations of the SEMPS model
Z a
a
1
p x1  x01
 F1hgiibdx01 þ
Z ce
ce
1
p x1  x01
  FT2g4Dudx01
þ
Z ch
ch
1
p x1  x01
  FT3g5Dwdx01 þ t ¼ 0; jx1j 6 a; ð11aÞ
Z a
a
1
p x1  x01
 F2hgiibdx01 þ
Z ce
ce
1
p x1  x01
  F44g4Dudx01
þ
Z ch
ch
1
p x1  x01
  F45g5Dwdx01 þ D12 ¼ 0; jx1j 6 a; ð11bÞ
Z a
a
1
p x1  x01
 F3hgiibdx01 þ
Z ce
ce
1
p x1  x01
  F54g4Dudx01
þ
Z ch
ch
1
p x1  x01
  F55g5Dwdx01 þ B12 ¼ 0; jx1j 6 a; ð11cÞ
Z a
a
1
p x1  x01
 F2hgiibdx01 þ
Z ce
ce
1
p x1  x01
  F44g4Dudx01
þ
Z ch
ch
1
p x1  x01
  F45g5Dwdx01 þ D12 ¼ DS; a 6 jx1j 6 ce; ð11dÞ
Z a
a
1
p x1  x01
 F3hgiibdx01 þ
Z ce
ce
1
p x1  x01
  F54g4Dudx01
þ
Z ch
ch
1
p x1  x01
  F55g5Dwdx01 þ B12 ¼ BS; a 6 jx1j 6 ch; ð11eÞ
where hgi(x1)i is a 3  3 diagonal matrix and
t ¼ r112 r122 r132 D12 B12ð ÞT ¼ tT D12 B12
 T
;
t ¼ r112 r122 r132ð ÞT:
ð12Þ
Eq. (11) is the extension of the classical Cauchy type dual integral
equations in elastic fracture mechanics of conventional materials.
4.2. Analytical solution of the SEMPS model
Eqs. (11a–11e) are in the same form as the dual integral equa-
tions of the SEMB model (Zhao and Fan, 2008). Using the same
method, we obtain the distribution functions gi(x1)
hgiðx1Þib ¼ F11 T
x1
a2  x21
 1=2 ; jx1j 6 a; ð13Þ
where
2386 C. Fan, M. Zhao / International Journal of Solids and Structures 48 (2011) 2383–2392F1¼F1þ FT2ðF3F45F2F55ÞþFT3ðF2F54F3F44Þ
h i
=ðF55F44F54F45Þ;
T ¼ t þ F54FT3F55FT2
 
D12 þ F45FT2F44FT3
 
B12
h i
=ðF55F44F54F45Þ:
ð14Þ
If the magnetic yielding zone is longer than the electric yielding
zone (a 6 ce 6 ch), we have
g4Du¼
DS
G2p
ch1 c
2
eax1
ceðax1Þ
 ch1 c2eþax1ceðaþx1Þ
 h i G1G2 F11 T x1a2x21ð Þ1=2 ; jx1j6 a;
DS
G2p
ch1 c
2
eax1
ceðax1Þ
 ch1 c2eþax1ceðaþx1Þ
 h i; a6 jx1j6 ce;
8><
>:
ð15aÞ
g5Dw¼
BS
F55p
ch1
c2
h
ax1
chðax1Þ
 ch1 c2hþax1chðaþx1Þ
 h i F54F55 g4Du F3F55 hgiib; jx1j6a;
BS
F55p
ch1
c2
h
ax1
chðax1Þ
 ch1 c2hþax1chðaþx1Þ
 h i F54F55 g4Du; a6 jx1j6 ce;
BS
F55p
ch1
c2
h
ax1
chðax1Þ
 ch1 c2hþax1chðaþx1Þ
 h i; ce6 jx1j6 ch;
8>>>><
>>>>>:
ð15bÞ
where
G1 ¼ F3F45  F2F55; G2 ¼ ðF45F54  F44F55Þ;
DS ¼ F45BS  F55DS: ð16Þ
If the electric yielding zone is longer than the magnetic yielding
zone (a 6 ch 6 ce), we have
g5Dw¼
BS
G2p
ch1
c2
h
ax1
chðax1Þ
 ch1 c2hþax1chðaþx1Þ
 h i G3G2 F11 T x1a2x21ð Þ1=2 ; jx1j6 a;
BS
G2p
ch1
c2
h
ax1
chðax1Þ
 ch1 c2hþax1chðaþx1Þ
 h i; a6 jx1j6 ch;
8><
>:
ð17aÞ
g4Du¼
DS
F44p
ch1 c
2
eax1
ceðax1Þ
 ch1 c2eþax1ceðaþx1Þ
 h i F45F44 g5Dw F2F44 hgiib; jx1j6a;
DS
F44p
ch1 c
2
eax1
ceðax1Þ
 ch1 c2eþax1ceðaþx1Þ
 h i F45F44 g5Dw; a6 jx1j6 ch;
DS
F44p
ch1 c
2
eax1
ceðax1Þ
 ch1 c2eþax1ceðaþx1Þ
 h i; ch6 jx1j6 ce;
8>>>><
>>>:
ð17bÞ
where
G3 ¼ F2F54  F3F44; BS ¼ F54DS  F44BS: ð18Þ
The sizes of both electric and the magnetic yielding zones are still
unknown, so we should supplement the above with two conditions.
In the classic Dugdale model (Dugdale, 1960), the condition is sup-
plied by the fact that the stress has no singularity at the end of the
plastic strip, i.e., the stress intensity factor of the extended crack is
zero. In the PS model for piezoelectric media (Gao et al., 1997), we
have the fact that the electric displacement has no singularity at the
tip of the electric yielding zone. In the SEMPS model, there are two
yielding zones, the electric and magnetic yielding zones. Therefore,
the two supplementary conditions can be stated as: the electric dis-
placement intensity factor, KDs, is zero at the end of the electric
yielding zone and the magnetic induction intensity factor, KBs, is
zero at the end of the magnetic yielding zone. Finally, the sizes of
both electric and magnetic yielding zones are obtained: when
a 6 ce 6 ch
Re ¼ ce  aa ¼ sec
pD2
2DS
 
 1; ð19aÞ
Rh ¼ ch  aa ¼ sec
pB12
2BS
 
 1; ð19bÞ
where
D2 ¼ F45B12  F55D12 ð20Þ
and when a 6 ch 6 ceRe ¼ ce  aa ¼ sec
pD12
2DS
 
 1; ð21aÞ
Rh ¼ ch  aa ¼ sec
pB2
2BS
 
 1; ð21bÞ
where
B2 ¼ F54D12  F44B12 : ð22Þ
From either Eqs. (19) or (21), it can be seen that the sizes of the elec-
tric and magnetic yielding zones are related to material properties,
applied extended loadings and crack length.
4.3. Extended intensity factors and local J-integral
Based on the sizes of electric and magnetic yielding zones, the
extended stress ahead of the mechanical crack on the x1-axis is ex-
pressed by the extended dislocation
R2  ðr12 r22 r32 D2 B2 ÞT
¼
Z a
a
1
p x1  x01
  F1F2
F3
0
B@
1
CAhgiðx1Þibdx01
þ
Z ce
ce
1
p x1  x01
  F
T
2
F44
F54
0
B@
1
CAg4ðx1ÞDudx01
þ
Z ch
ch
1
p x1  x01
  F
T
3
F45
F55
0
B@
1
CAg5ðx1ÞDwdx01 þ t: ð23Þ
Deﬁning the intensity factor vector,
KðlÞ ¼ KðlÞII KðlÞI KðlÞIII KðlÞD KðlÞB
 T
¼ lim
x1!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  aÞ
p
R2; ð24Þ
substituting Eqs. (15) and (17) into (23), and then into Eq. (24)
givesKðlÞ ¼ ﬃﬃﬃﬃﬃﬃpap F10
0
0
B@
1
CA F
T
2
0
0
0
B@
1
CA F54
F55
FT3
0
0
0
B@
1
CA
0
B@
1
CA F2F55  F3F45
F44F55  F54F45
 264

FT3
0
0
0
B@
1
CA F3
F55
3
75F11 T ð25aÞfor a 6 ce 6 ch, andKðlÞ ¼ ﬃﬃﬃﬃﬃﬃpap F10
0
0
B@
1
CA F
T
3
0
0
0
B@
1
CA F45
F44
FT2
0
0
0
B@
1
CA
0
B@
1
CA F2F54  F3F44
F45F54  F55F44
 264

FT2
0
0
0
B@
1
CA F2
F44
3
75F11 T ð25bÞ
for a 6 ch 6 ce.
It should be pointed out that a large number of numerical calcu-
lations show that Eqs. (25a) and (25b) give the same values when-
ever a 6 ce 6 ch or a 6 ch 6 ce. Thus, Eqs. (25a) or (25b) can be
written
KðlÞ ¼ KðlÞII KðlÞI KðlÞIII KðlÞD KðlÞB
 T
¼ L LLD LLBð ÞK; ð26Þ
where L is a material related 5  3 matrix, and LD and LB are mate-
rial related column vectors, given by
Electric field E/(106Vm-1)
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Fig. 3a. Normalized local J-integral versus electric ﬁeld based on the SEMPS model
and the SEMB model.
C. Fan, M. Zhao / International Journal of Solids and Structures 48 (2011) 2383–2392 2387L¼
F1
0
0
0
B@
1
CA F
T
2
0
0
0
B@
1
CAF54
F55
FT3
0
0
0
B@
1
CA
0
B@
1
CA F2F55F3F45
F44F55F54F45
 

FT3
0
0
0
B@
1
CA F3
F55
2
64
3
75F11 ;
ð27aÞ
LD ¼ F54FT3  F55FT2
 
=ðF55F44  F54F45Þ;
LB ¼ F45FT2  F44FT3
 
=ðF55F44  F54F45Þ
ð27bÞ
and K is the applied intensity factor
K ¼ ðK II K I K III KD KB ÞT ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
r112 r122 r132 D
1
2 B
1
2ð ÞT:
ð28Þ
Eq. (26) shows that the local intensity factor is independent of the
electric displacement saturation, the magnetic induction saturation
and the sizes of the electric and magnetic yielding zones.
For MEE media, the J-integral is related to the intensity factor
(Zhao and Fan, 2008)
J ¼ KTH
4
K: ð29Þ
Therefore, substituting Eq. (26) into Eq. (29) yields the local J-inte-
gral J(l) of MEE media
JðlÞ ¼ KTð L LLD LLB ÞTH4 ð L LLD LLB ÞK: ð30Þ
Eqs. (27), (28) and (30) demonstrate that the local J-integral is only
related to the material constant and the applied intensity factor,
and independent of the yielding parameters, such as the electric
displacement saturation, the magnetic induction saturation and
the size of electric and magnetic yielding zones.
4.4. Comparison of the results based on the SEMB and SEMPS models
Consider an inﬁnite MEE medium comprising BaTiO3 as the
inclusion and CoFe2O4 as the matrix with the poling direction
along the x2-axis. The material constants are given (Huang et al.,
1998)
BaTiO3:
c11 ¼166GPa; c33 ¼162GPa; c44 ¼43GPa; c12 ¼77GPa; c13 ¼78GPa;
e31 ¼4:4 C=m2; e33 ¼18:6 C=m2; e15 ¼11:6 C=m2;
e11 ¼11:2109 C2=ðNm2Þ; e33 ¼12:6109 C2=ðNm2Þ;
l11 ¼5:0106 Ns2=C2; l33 ¼10:0106 Ns2=C2;
ð31aÞ
CoFe2O4:
c11¼286GPa; c33¼269:5GPa; c44¼45:3GPa; c12¼173:0GPa;
c13¼170:5GPa;
f31¼580:3 N=ðAmÞ; f 33¼699:7 N=ðAmÞ; f 15¼550:N=ðAmÞ;
e11¼0:08109 C2=ðNm2Þ; e33¼0:093109 C2=ðNm2Þ;
l11¼590106 Ns2=C2; l33¼157106 Ns2=C2:
ð31bÞ
The composite material constants are determined from those of the
inclusion and matrix by the following mixture rule (Song and Sih,
2003)
Kc ¼ KiVi þKmð1 ViÞ; ð31cÞ
where the superscripts c, i and m signify the associated constant re-
fers to composite, inclusion and matrix, respectively, and Vi is the
volume fraction of the piezoelectric inclusion.
We take the electric breakdown strength and the magnetic
breakdown strength to be (Zhao and Fan, 2008)Eb ¼ 107 Vm1; Hb ¼ 105 Am1: ð32aÞ
The saturated electric displacement and the saturated magnetic
induction are calculated from the electric breakdown strength, the
magnetic breakdown strength and the applied mechanical loading
r  r122 ¼ 10 MPa using the constitutive equation Eq. (3) for
Vi = 0.5,
DS ¼ 0:0728504 C=m2; BS ¼ 8:51672 N=Am: ð32bÞ
The local J-integrals based on the SEMPS and SEMBmodels are plot-
ted with respect to the electric and magnetic ﬁelds in Figs. 3a and
Fig. 3b, respectively, with the J-integral being normalized by
J ¼ c0J
ðlÞ
a r122
 2 ; ð33Þ
where c0 = 1.0 GPa is the apparent elastic constant.
The results demonstrate that both positive electric and mag-
netic loadings assist an applied mechanical stress in propagating
the impermeable crack if the local J-integral is adopted as a failure
criterion, while negative electric and magnetic loadings retard
crack propagation. The local J-integral approaches zero when the
applied electric displacement or magnetic induction approaches a
certain negative value.
The results further show that although the SEMPS and SEMB
models are based on different physical understandings (saturation
vs. breakdown), they give the same J-integral results. Hence, here-
after, we shall only discuss the numerical method using the SEMPS
model.
5. Numerical method of crack in a ﬁnite MEE medium based on
the SEMPS model
Consider a MEE medium occupying a ﬁnite domain X enclosed
by boundary C in a rectangular coordinate system xi (i = 1,2) as
shown in Fig. 4. The polarization direction of the piezoelectric
and piezomagnetic medium is along the x2-axis. A line crack S lies
along the x1-axis in the interval jx1j 6 a, with cle 6 x1 6 a and
a 6 x1 6 cre denoting the strip electric yielding zones respectively
at the left and right crack tip respectively, while similarly
clh 6 x1 6 a and a 6 x1 6 crh denoting the strip magnetic yielding
zones at the left and right crack tip respectively.
There are three kinds of boundary conditions on C: mechanical,
electric and magnetic boundary conditions. The mechanical
boundary conditions can be expressed as
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Fig. 4. Source points and collocation points on boundary for a ﬁnite MEE domain.
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t1  r11n1 þ r12n2 ¼ t1; t2  r12n1 þ r22n2 ¼ t2; on Ct ; ð34bÞwhere ti is the traction along the x1- or x2-axis respectively when
i = 1 or 2, with the overbar ‘‘-’’ denoting the prescribed value on
the boundary, and ni is the directional cosine of the outward normal
vector on the boundary C. The electric boundary conditions areu ¼ u; on Cu; ð35aÞ
x  D1n1 þ D2n2 ¼ x; on Cx; ð35bÞwhere x is the electric displacement boundary value. Similarly, the
magnetic boundary conditions arew ¼ w; on Cw; ð36aÞ
c  B1n2 þ B2n2 ¼ c; on Cw; ð36bÞwhere c is the magnetic induction boundary value.
There are also three kinds of boundary conditions on crack face
S in SEMPS models. For an electrically and magnetically imperme-
able crack, the boundary conditions have the same form as in Eqs.
(34b), (35b) and (36b). On both electric and magnetic yielding
zones, the boundary conditions are given in Eq. (10b).5.1. NLHEDD-FSM for the SEMPS model
Based on the NLHEDD-FS method for piezoelectric media (Fan
et al., 2009), N1 collocation points are collected on boundary C,
and the equal numbers of source points N1 are taken accordingly
outside the domain X, as schematically shown in Fig. 4. An un-
known extended concentrated load Pki(k = 1,2, . . . ,N1; i = 1,2,3,4)
is applied at the kth source point, where Pk1 and Pk2 are mechanical
loads along the x1- and x2-axes respectively, Pk3 an electric point
charge, and Pk4 an electric point current. The crack S is divided into
N2 constant elements denoted by the mid-point, and unknown ex-
tended displacement discontinuities kukjk  uþkj  ukj ðk ¼ 1;2; . . . ;
N2; j ¼ 1;2;3;4Þ are uniformly distributed on each element, where
k  k denotes the discontinuity of an extended displacement across
the crack. The left electric yielding zone is discretized into Nl3 con-
stant elements, and the right electric yielding zone is discretized
into Nr3 constant elements N3 ¼ Nl3 þ Nr3
 
. Each element is also
denoted by its mid-point, and only a single unknown electric po-
tential discontinuity kukk (k = 1,2, . . . ,N3) is uniformly distributed
on each element. In the same way, the left and right magnetic
yielding zones are discretized respectively into Nl4 and
Nr4 N4 ¼ Nl4 þ Nr4
 
constant elements which are also denoted by
their mid-points, as well as only a single unknownmagnetic poten-
tial discontinuity kwkk (k = 1,2, . . . ,N4) is uniformly distributed on
each element.
Extending the well known Crouch fundamental solution
(Crouch, 1976), Zhao et al. (2010) derived the extended Crouch
fundamental solutions for magnetoelectroelastic medium, which
correspond to the extended displacement discontinuities on an
element. Using the extended Crouch fundamental solutions and
the extended point force fundamental solutions, and the method
of superposition, we can express the extended displacement and
extended stress at any ﬁeld point X for an impermeable crack
uiðXÞ ¼
XN1
k¼1
X4
j¼1
uijðX;XPÞPkj þ
XN2
k¼1
X4
j¼1
ucijðX;XSÞkukjk
þ
XN3
k¼1
uci3ðX;XDÞkukk þ
XN4
k¼1
uci4ðX;XBÞkwkk; ði ¼ 1;2;3;4Þ;
ð37aÞriðXÞ ¼
XN1
k¼1
X4
j¼1
rijðX;XPÞPkj þ
XN2
k¼1
X4
j¼1
rcijðX;XSÞkukjk
þ
XN3
k¼1
rci3ðX;XDÞkukk þ
XN4
k¼1
rci4ðX;XBÞkwkk; ði ¼ 1;2;3;4;5;6;7Þ;
ð37bÞ
where r1, r2, r3, r4, r5, r6 and r7 are extended stresses r11, r22,
r12, D1, D2, B1 and B2, respectively; u3 and u4 are extended displace-
ments u and w; uij and rij are the above-mentioned fundamental
solutions corresponding to extended point forces, and ucij and rcij
are the above-mentioned extended Crouch fundamental solutions;
XP, XS, XD and XB denote the respective source points outside the do-
main, on the crack, on the electric yielding zone and on the mag-
netic yielding zone.
Letting Eq. (37) satisfy the given boundary conditions at the col-
location points on boundary C and every element on the crack and
the yielding zones, one can obtain 4(N1 + N2) + N3 + N4 linear alge-
braic equations for the unknown extended loads Pkj and the un-
known extended discontinuity displacementskukjk for the
electrically and magnetically impermeable boundary conditions.
Solving these 4(N1 + N2) + N3 + N4 equations determines the un-
known quantities.
Fig. 5. A center crack in a MEE strip.
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using the corresponding values at the (Nc  1)th, Ncth and
(Nc + 1)th elements from the crack tip, one obtains the asymptotic
behavior of the extended displacement discontinuity near the
crack tip
ku1k ¼ g11r1=2 þ g12r þ g13r3=2 þ g14r2;
ku2k ¼ g21r1=2 þ g22r þ g23r3=2 þ g24r2;
kuk ¼ g30 þ g31r1=2 þ g32r þ g33r3=2 þ g34r2;
kwk ¼ g40 þ g41r1=2 þ g42r þ g43r3=2 þ g44r2;
ð38Þ
where r is the distance of the point on the crack faces from the crack
tip, gij ﬁtting coefﬁcients, g30 the effect of the electric potential dis-
continuity along the electric yielding zone, and g40 the effect of the
magnetic potential discontinuity along the magnetic yielding zone.
Finally, the extended stress intensity factors are calculated
using (Zhao et al., 2007)
K I ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
p lim
r!0
½L31ku2k þ L32ðkuk  g30Þ þ L33ðkwk
 g40Þ=
ﬃﬃ
r
p
; ð39aÞ
K II ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
p lim
r!0
L21ku1k=
ﬃﬃ
r
p
; ð39bÞ
KD ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
p lim
r!0
½L41ku2k þ L42ðkuk  g30Þ þ L43ðkwk
 g40Þ=
ﬃﬃ
r
p
; ð39cÞ
KB ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
p lim
r!0
½L51ku2k þ L52ðkuk  g30Þ þ L53ðkwk
 g40Þ=
ﬃﬃ
r
p
; ð39dÞ
where Lij are material constants, values of which are given in Zhao
et al. (2007).
5.2. Multiple iteration approach for electric and magnetic yielding
zones
In the method above, the sizes of the electric and magnetic
yielding zones are unknowns, albeit related to the applied loadings
and the geometry size of the ﬁnite MEE medium. As described in
Section 4.2, the supplementary conditions are
KrDs ¼ limx!cre
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  cre
 q
D2 ¼ 0; ð40aÞ
KrBs ¼ limx!cr
h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  crh
 q
B2 ¼ 0; ð40bÞ
KlDs ¼ lim
x!cle
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1 þ cle
 q
D2 ¼ 0; ð40cÞ
KlBs ¼ lim
x!cl
h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1 þ crh
 q
B2 ¼ 0: ð40dÞ
Supposing there are Nlð1Þ3 and N
rð1Þ
3 elements on the left and right
electric yielding zones, and Nlð1Þ4 and N
rð1Þ
4 elements on the left and
right magnetic yielding zones, by using the solution method given
in the last subsection, we can obtain a numerical solution. Then,
we can calculate the electric displacement intensity factor
KrDs N
rð1Þ
3
 
at x1 ¼ cre and KlDs Nlð1Þ3
 
at x1 ¼ cle, and the magnetic
induction intensity factor KrBs N
rð1Þ
4
 
at x1 ¼ crh and KlBs Nlð1Þ4
 
at
x1 ¼ clh. If KrDs Nrð1Þ3
 
> 0, one element is added at the right end
of the electric yielding zone, and a new value of Nr3 is obtained,
Nrð2Þ3 ¼ Nrð1Þ3 þ 1; similarly, if KrBs Nrð1Þ4
 
> 0, one element is added
at the right end of the magnetic yielding zone, and
Nrð2Þ4 ¼ Nrð1Þ4 þ 1. In contrast, if KrDs Nrð1Þ3
 
< 0, one element is re-moved from the right end of the electric yielding zone, and
Nrð2Þ3 ¼ Nrð1Þ3  1; If KrBs Nrð1Þ4
 
< 0, one element is removed from
the right end of the magnetic yielding zone, and Nrð2Þ4 ¼ Nrð1Þ4  1.
The same iteration method is used with the left electric and mag-
netic yielding zones. Using these new values of Nr3, N
l
3, N
r
4 and N
l
4,
the above process is iterated continually until the solution satisﬁes
KrDs N
rðn11Þ
3
 
 KrDs Nrðn1Þ3
 
< 0; KlDsðNlðn21Þ3 Þ  KlDs Nlðn2Þ3
 
< 0;
KrBs N
rðn31Þ
4
 
 KrBs Nrðn3Þ4
 
< 0; KlBsðNlðn41Þ4 Þ  KlBs Nlðn4Þ4
 
< 0;
ð41Þ
where n1, n2, n3 and n4 are the number of iterations for the electric
and magnetic yielding zones. Finally, one obtains the sizes of the
electric and magnetic yielding zones,
Nr3 ¼ Nrðn1Þ3  1;
Rre ¼
cre  a
a
¼ Nr3 þ
KrDs N
r
3
 
KrDs N
r
3
  KrDs Nr3 þ 1 
 !
d
2a
; ð42aÞ
Nl3 ¼ Nlðn2Þ3  1;
Rle ¼
cle  a
a
¼ Nl3 þ
KlDs N
l
3
 
KlDs N
l
3
 
 KlDs Nl3 þ 1
 
0
@
1
A d
2a
; ð42bÞ
Nr4 ¼ Nrðn3Þ4  1;
Rrh ¼
crh  a
a
¼ Nr4 þ
KrBs N
r
4
 
KrBs N
r
4
  KrBs Nr4 þ 1 
 !
d
2a
; ð42cÞ
Nl4 ¼ Nlðn4Þ4  1;
Rlh ¼
clh  a
a
¼ Nl4 þ
KlBs N
l
4
 
KlBs N
l
4
 
 KlBs Nl4 þ 1
 
0
@
1
A d
2a
; ð42dÞ
where d is the length of the elements on the electric and magnetic
zones.
Based on the obtained solution, the extended intensity factor
and the local J-integral can be calculated respectively using Eqs.
(39) and (30) respectively.
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Fig. 6b. Magnetic yielding zone versus magnetic induction for impermeable
boundary condition.
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the SEMPS model
A MEE strip of length 2h and width 2b is shown in Fig. 5. In the
numerical analysis, a total of 200 collocation points are chosen on
the boundary and, thus 200 corresponding source points are taken.
Based on the numerical results of NLHEDD-FS method in piezoelec-
tric media (Zhao et al., 2008; Fan et al., 2009) and the linear elastic
MEE media (Zhao et al., 2010), the parameter a is very critical in
the NLEDD-FS method
a ¼ AA1
AB
¼ 2:3; ð43Þ
where AA1 is the distance between collocation point A on boundary
C and the corresponding source point A1 outside the domain, while
AB is the distance between collocation point A and its adjacent col-
location point B, as schematically shown in Fig. 5.
Furthermore, in the calculation, the electric displacement satu-
ration and the magnetic induction saturation of Eq. (32b) are
rounded to be
DS ¼ 0:1 C=m2; BS ¼ 10:0 N=Am: ð44ÞMagnetic induction B/(N/Am)
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D=0.02C/m2, B=3.0N/Am6.1. NLHEDD-FSM for an inﬁnite MEE medium
In this subsection, the Grifﬁth crack in an inﬁnite MEE medium
as a special case of an inﬁnite wide strip is studied to verify the
applicability and effectiveness of the NLHEDD-FS method. Large
values of b and h compared with a should be taken. Numerical re-
sults show that the domain is sufﬁcient large when a/b = 100 and
h/b = 4. In addition, h/b = 4 is ﬁxed in the calculations even for a ﬁ-
nite strip.
The sizes of the electric and magnetic yielding zones and the lo-
cal J-integral versus the magnetic induction are displayed respec-
tively in Figs. 6a, 6b and 6c for r = 10 MPa and D = 0.04 C/m2. It
can be seen that the numerical solutions are in good agreement
with the analytical ones. It is further observed that under the mag-
netic induction, the electric yielding zone is nearly constant (inde-
pendent of the magnetic induction), the magnetic yielding zone is
approximately parabolic, and the local J-integral is nearly linear.
For r = 100 MPa and B = 3.0 N/Am, the dependences of these
parameters on the electric displacement are similar to Fig. 6a,
6bb and 6c (if we exchange the magnetic quantities with the elec-
tric ones).
The results demonstrate that the local J-integral increase mono-
tonically with both electric and magnetic loadings. However, the
electric (magnetic) yielding zone increases with the magnitude ofMagnetic induction B/(N/Am)
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6.2. Numerical solution for a ﬁnite MEE medium
The electric and magnetic yielding zone sizes and the local J-
integral are plotted against the ratio of crack length to the strip
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Fig. 7b. Magnetic yielding zone versus crack length for different electric and
magnetic loadings.
a/b
0.0 0.1 0.2 0.3 0.4 0.5 0.6
N
or
m
a
liz
e
d 
en
er
gy
 re
le
as
e 
ra
te
 J
*
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
D=0.04C/m2, B=3.0N/Am
D=0.04C/m2, B=5.0N/Am
D=0.02C/m2, B=3.0N/Am
σ=10ΜPa,DS=0.1C/m
2
,BS=10.0N/Am
Fig. 7c. Normalized local J-integral versus crack length for different electric and
magnetic loadings.
C. Fan, M. Zhao / International Journal of Solids and Structures 48 (2011) 2383–2392 2391width in Fig. 7a, 7b, and 7c, respectively, for different electric and
magnetic loadings. It is observed clearly that with increasing rela-
tive crack length, these three physical quantities all increase. Fur-
thermore, under r = 10 MPa, D = 0.04 C/m2 and B = 5.0 N/Am and
when the length ratio a/b reaches about 0.5, the magnetic yielding
zone spreads nearly to the edge of the strip as showed in Fig. 7b.
However, the electric yielding zone does not change with magnetic
loading (as showed in Fig. 7a), and the magnetic yielding zone does
not change with the electric loading in Fig. 7b.7. Concluding remarks
The strip electric–magnetic polarization saturation (SEMPS)
model is proposed to analyze nonlinear fracture in MEE media
and it is found that this model is equivalent to the SEMB model
in the fracture analysis in MEE media. For the fracture analysis in
a ﬁnite MEE domain, the NLHEDD-FS method in piezoelectricity
is extended to including the MEE coupling, and an adapted multi-
ple iteration approach is developed to determine the electric and
magnetic yielding zones. The numerical results demonstrate that
the NLHEDD-FS method is very efﬁcient in analyzing crack in ﬁnite
MEE media. While the NLHEDD-FS method and SEMPS model
could be easily extended to solve more complex problems with
multiple cracks under other boundary conditions, the proposed
physical model and solution approach should be useful to futureexperimental analysis and design of fractures in the coupled MEE
media.
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